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An edge-coloring of a graph G with natural numbers is called a sum edge-coloring if 
the colors of edges incident to any vertex of G are distinct and the sum of the colors of 
the edges of G is minimum. The edge-chromatic sum of a graph G is the sum of the 
colors of edges in a sum edge-coloring of G. It is known that the problem of finding the 
edge-chromatic sum of an r-regular (r > 3) graph is iVP-complete. In this paper we 

give a polynomial time ^1 + j -approximation algorithm for the edge-chromatic sum 
problem on r-regular graphs for r > 3. Also, it is known that the problem of finding 
the edge-chromatic sum of bipartite graphs with maximum degree 3 is iVP-complete. We 
show that the problem remains iVP-complete even for some restricted class of bipartite 
graphs with maximum degree 3. Finally, we give upper bounds for the edge-chromatic 
sum of some split graphs. 
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1. Introduction 



We consider finite undirected graphs that do not contain loops or multiple edges. Let 
V[G) and E(G) denote sets of vertices and edges of G, respectively. For S C V(G), let 
G[S] denote the subgraph of G induced by S, that is, V A (C7[S']) = S and E(G[S]) consists 
of those edges of E(G) for which both ends are in S. The degree of a vertex v G V(G) 
is denoted by da(v), the maximum degree of G by A(C7), the chromatic number of G by 
x(G), and the chromatic index of G by %!{G). The terms and concepts that we do not 
define can be found in [ HI ■ 

A proper vertex-coloring of a graph G is a mapping a : V(G) — > N such that a{u) ^ 
a(v) for every uv G E(G). If a is a proper vertex-coloring of a graph G, then H(G,a) 
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denotes the sum of the colors of the vertices of G. For a graph G, define the vertex- 
chromatic sum E(£r) as follows: = min Q E(G, a), where minimum is taken among 
all possible proper vertex-colorings of G. If a is a proper vertex-coloring of a graph G 
and = a), then a is called a sum vertex-coloring. The strength of a graph 
G (s(G)) is the minimum number of colors needed for a sum vertex-coloring of G. The 
concept of sum vertex-coloring and vertex-chromatic sum was introduced by Kubicka [ 
[TB] and Supowit In [E]; Kubicka and Schwenk showed that the problem of finding 
the vertex-chromatic sum is iVP-complete in general and polynomial time solvable for 
trees. Jansen [ [12] gave a dynamic programming algorithm for partial fc-trees. In papers [ 
EJ El [TOj [131 EEB], some approximation algorithms were given for various classes of graphs. 
For the strength of graphs, Brook's- type theorem was proved in [HI]. On the other hand, 
there are graphs with s(G) > x{G) [IS]- Some bounds for the vertex-chromatic sum of a 
graph were given in [ [23] • 

Similar to the sum vertex-coloring and vertex-chromatic sum of graphs, in [ \5\ EJ [EE] , 
sum edge-coloring and edge-chromatic sum of graphs was introduced. A proper edge- 
coloring of a graph G is a mapping a : E(G) — >■ N such that a(e) ^ a(e') for every 
pair of adjacent edges e,e' G E{G). If a is a proper edge-coloring of a graph G, then 
E'(G, a) denotes the sum of the colors of the edges of G. For a graph G, define the 
edge-chromatic sum H'(G) as follows: = min Q a), where minimum is taken 

among all possible proper edge-colorings of G. If a is a proper edge-coloring of a graph 
G and = a), then a is called a sum edge-coloring. The edge-strength of 

a graph G (s'(G)) is the minimum number of colors needed for a sum edge-coloring of 
G. For the edge-strength of graphs, Vizing's-type theorem was proved in [ [TTj . In [ 
E], Bar-Noy et al. proved that the problem of finding the edge-chromatic sum is NP- 
hard for multigraphs. Later, in [ [9] , it was shown that the problem is iVP-complete 
for bipartite graphs with maximum degree 3. Also, in [[9], the authors proved that the 
problem can be solved in polynomial time for trees and that s'(G) = x'{G) for bipartite 
graphs. In [ 20J, Salavatipour proved that determining the edge-chromatic sum and the 
edge-strength are iVP-complete for r-regular graphs with r > 3. Also he proved that 
s'(G) = x'(G) for regular graphs. On the other hand, there are graphs with x'(G) — A(G) 
and s'(G) = A(G) + 1 [EE]. Recently, Cardinal et al. [[7] determined the edge-strength 
of the multicycles. 

In the present paper we give a polynomial time ^-approximation algorithm for the 
edge-chromatic sum problem of r-regular graphs for r > 3. Next, we show that the 
problem of finding the edge-chromatic sum remains iVP-complete even for some restricted 
class of bipartite graphs with maximum degree 3. Finally, we give upper bounds for the 
edge-chromatic sum of some split graphs. 

2. Definitions and necessary results 

A proper t-coloring is a proper edge-coloring which makes use of t different colors. If 
a is a proper t-coloring of G and v G V(G), then 5* (v, a) denotes set of colors appearing 
on edges incident to v. Let G be a graph and R C V{G). A proper t-coloring of a graph 
G is called an P-sequential t-coloring [ [TJ [2] if the edges incident to each vertex v G P are 
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colored by the colors 1, . . . , dciv). For positive integers a and b, we denote by [a, b], the 
set of all positive integers c with a < c < b. For a positive integer n, let K n denote the 
complete graph on n vertices. 

We will use the following four results. 

Theorem 1 /I73]/. If G is a bipartite graph, then x'(G) — A(G). 
Theorem 2 [\2J$. For every graph G, 

A(G) < X '(G) < A(G) + 1. 

Theorem 3 [WBj- For the complete graph K n with n > 2, 

\ _ [ n — 1; if n is even, 
X [ n) ~ \ n, ifn is odd. 

Theorem 4 [77]/ . If G is a bipartite or a regular graph, then s'(G) = x'{G). 



3. Edge-chromatic sums of regular graphs 



In this section we consider the problem of finding the edge-chromatic sum of regu- 
lar graphs. It is easy to show that the edge-chromatic sum problem of graphs G with 
A(G) < 2 can be solved in polynomial time. On the other hand, in [12], it was proved 
that the problem of finding the edge-chromatic sum of an r-regular (r > 3) graph is ./VP- 
complete. Clearly, > nr( -^ +1 - > for any r-regular graph G with n vertices, since the 
sum of colors appearing on the edges incident to any vertex is at least . Moreover, 
it is easy to see that = nr ^ +1 ' > if and only if x'(G) = r for any r-regular graph G 
with n vertices. 

First we give a result on i?-sequential colorings of regular graphs and then we use this 
result for constructing an approximation algorithm. 

Theorem 5 If G is an r-regular graph with n vertices, then G has an R-sequential (r + 1)- 
coloring with \R\ > [^j] • 

Proof. By Theorem [2] there exists a proper (r + l)-coloring a of the graph G. For 
i — 1, 2, . . . , r + 1, define the set V a (i) as follows: 

V a (i) = {ve V(G) : i i S(v,a)}. 

Clearly, for any i',i",l <i' <i" < r + l, we have 

V a (i') n Vji") = and ljV a (i) = V(G). 

i=i 
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Hence, 

n=\V(G)\ 



r+l 

\jV a (i) 

i=l 



r+l 



i=l 



This implies that there exists io, 1 < %q < r + 1, for which |V^(io)| > fr+il- Let 
R = V a {i Q ). 

If zo = r+l, then a is an /^-sequential (r + l)-coloring of G; otherwise define an 
edge-coloring (3 as follows: for any e G E(G), let 

(a(e), if a(e) 7^ i , r + 1, 
z , ifa(e)=r + l, 
r + l, if a(e) = z . 

It is easy to see that (3 is an /^-sequential (r + l)-coloring of G with \R\ > [^tt]- □ 

Corollary 6 If G is a cubic graph with n vertices, then G has an R- sequential 4- coloring 
with \R\ > [2]. 

Note that if n is odd, then the lower bound in Theorem |5] cannot be improved, since 
the complete graph K n has an /^-sequential n-coloring with \R\ — 1. 

The theorem we are going to prove will be used in section 5. 
Theorem 7 For any n G N, we have 



V{K n ) 



n( - n 4 — ; if n is odd, 

(n-l)n 2 r 

1 — + — , if n is even. 



Proof. Since for any r- regular graph G with n vertices, S'(G) = " r ^ +1 - > if and only if 
x'(G) = r and, by Theorems [3] and HI we obtain Yf(K n ) = ( n ~^ n if n i s even. 

Now let n be an odd number and n > 3. In this case by Theorems [3] and HI we have 
s'(K n ) = x'(K n ) = n. It is easy to see that in any proper n-coloring of K n the missing 
colors at n vertices are all distinct. Hence, 

n 2 (n+l) n(n+l) / 2_i\ 

*(Kn) = 2 2 2 = 

□ 



In [ 5J, it was shown that there exists a 2- approximation algorithm for the edge- 
chromatic sum problem on general graphs. Now we show that there exists a ^1 + j^-pjzj- 
approximation algorithm for the edge-chromatic sum problem on r-regular graphs for 
r > 3. Note that 1 + decreases for increasing r and ^ i s its maximum value 

achieved for r = 3. Thus, we show that there is a ^--approximation algorithm for the 
edge-chromatic sum problem on regular graphs. 
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Theorem 8 For any r > 3, there is a polynomial time \1 + J - approximation algo- 
rithm for the edge-chromatic sum problem on r-regular graphs. 

Proof. Let G be an r-regular graph with n vertices and m edges. Now we describe a 
polynomial time algorithm A for constructing a special proper (r + l)-coloring of G. First 
we construct a proper (r + l)-coloring a of G in 0(mn) time [El]- Next we recolor some 
edges as it is described in the proof of Theorem [5]to obtain an i?-sequential (r + l)-coloring 
(3 of G with \R\ > \^rh~\ ■ Clearly, we can do it in 0{m) time. Now, taking into account 

that the sum of colors appearing on the edges incident to any vertex is at most r(r 2 h3 ^ , we 
have 



r(r+l) r n ] , I _ \ n 1 \ r(r+3) r(r+l) n , I n_\ r(r+3) 

Z' A (G) = Z'{G,(3) < 2 + ^ ^±L^ 2 < 2 r+1 l 2 r+1 2 

^Vk + ^i^ nr^ + Ar + 1) 



2 4(r + l) 



On the other hand, since > nr ^ +1 - > , we get 



S' A (G) nr(r 2 + 4r + 1) 4 r 2 + 4r + 1 1 2r 



_ 4(r + l) nr(r + l) (r + 1) 2 (r + 1) 2 ' 

This shows that there exists a ^1 + j -approximation algorithm for the edge- 
chromatic sum problem on r-regular graphs. Moreover, we can construct the aforemen- 
tioned coloring /3 for a regular graph in 0(mn) time. □ 



4. Edge-chromatic sums of bipartite graphs 



In this section we consider the problem of finding the edge-chromatic sum of bipartite 
graphs. Let G = (U U W, E) be a bipartite graph with a bipartition (U, W). By Ui C U 
and Wj C W, we denote sets of vertices of degree i in U and respectively. Define 
sets V>i C V(G) and £/>* C C/ as follows: V>i = {v : v e V(G) A rf G (u) > i} and 
t/>j = {uG : u & U A da(u) > i}. It was proved the following: 

Theorem 9 [U\®l$\$j If G = (U U W, E) is a bipartite graph with d G (u) > d G (w) for 
every uw G E(G), where u EU and w G W , then G has a U -sequential A(G)- coloring. 

By this theorem, we obtain the following corollary: 

Corollary 10 If G = (U U W,E) is a bipartite graph with dc{u) > dciw) for every 
uw G E(G), where u EU and w G W , then a U -sequential A(G)-coloring of G is a sum 
edge-coloring of G and E'(GQ = Y. u & dG{u){d f u)+l) . 
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In [[9], it was shown that the problem of finding the edge-chromatic sum of bipartite 
graphs G with A(G) = 3 is iVP-complete. Now we give a short proof of this fact. First 
we need the following 

Problem 1. [El HIH] 

Instance: A bipartite graph G = (U U W, E) with A(G) = 3. 
Question: Is there a [/-sequential 3-coloring of G? 
It was proved the following: 

Theorem 11 /[|| [7^] / Problem 1 is NP -complete. 

Now let us consider the following 
Problem 2. 

Instance: A bipartite graph G = (U U W, E) with A(G) = 3. 
Question: Is E'(G) = £i • \U>i\7 

i=l 

Theorem 12 Problem 2 is NP-complete. 

Proof. Clearly, Problem 2 belongs to NP. For the proof of the iVP-completeness, we 
show a reduction from Problem 1 to Problem 2. We prove that a bipartite graph G = (UU 

3 

W, E) with A(G) = 3 admits a [/-sequential 3-coloring if and only if E'(G) = ^i ■ \U>i\. 

i=l 

Let G = (U UW, E) be a bipartite graph with A(G) = 3 and a be a [/-sequential 3-coloring 
of G. In this case the colors 1, 2, 3 appear on the edges incident to each vertex u G U3, 

the colors 1, 2 appear on the edges incident to each vertex u G U 2 and the color 1 appears 

3 

on the pendant edges incident to each vertex u G U\. Hence, E'(G, a) = • |[/>i|. On 

i=l 

3 3 
the other hand, clearly, > J^z ■ |[/>j|, thus YI{G) = ■ \U>i\. 

i=i i=i 

3 

Now suppose that = ■ \U>i\. By Theorems [1] and HI there exists a proper 

i=l 

3-coloring of a bipartite graph G with A(G) = 3. This implies that the colors 1,2,3 

appear on the edges incident to each vertex u G U 3 . If the color 3 appears on the edges 

incident to some vertices u G U2 or the colors 2 or 3 appear on the pendant edges incident 

3 

to some vertices u G U\, then it is easy to see that > ^2 ■ \U>i\. Hence, j3 is a 

i=l 

[/-sequential 3-coloring of G. □ 

Now we prove that the problem of finding the edge-chromatic sum of bipartite graphs 
G with A(G?) = 3 and with additional conditions is iVP-complete, too. We need the 
following 

Problem 3. [ [2j [H] 

Instance: A bipartite graph G = (U U W, E) with A(G) = 3 and |[/j| = \Wi\ for 
% = 1,2,3. 

Question: Is there a l/(G)-sequential 3-coloring of G? 
It was proved the following: 
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Theorem 13 [® \J^j Problem 3 is NP-complete. 

Now let us consider the following 
Problem 4. 

Instance: A bipartite graph G = (U U W, E) with A(G) = 3 and \U t \ = |W;| for 
i = 1,2,3. 

3 

Question: Is £'(G) = • \V>i\l 

8=1 

Theorem 14 Problem 4 is NP-complete. 

Proof. Clearly, Problem 4 belongs to NP. For the proof of the iVP-completeness, we 
show a reduction from Problem 3 to Problem 4. We prove that a bipartite graph G = 
(U U W,E) with A(G) = 3 and \U t \ = \Wi\ for i = 1,2,3, admits a V(G) -sequential 

3 

3-coloring if and only if = -^Y^i ■ \V>i\. Let a be a ^(G)-sequential 3-coloring of 

i=l 

G. In this case the colors 1,2,3 appear on the edges incident to each vertex v G V(G) 
with dc{v) = 3, the colors 1,2 appear on the edges incident to each vertex v € V(G) 
with dc{v) = 2 and the color 1 appears on the pendant edges incident to each vertex 

3 

v G V(G) with dc(v) = 1. Hence, E'(G, a) = ' l^>«l- On the other hand, clearly, 

i=l 

> |Ei • |V>»|, thus = |Ei ■ |V>i|. 

i=l i=l 

3 

Now suppose that E'(G) = ' l^>«l- By Theorems [1] and HI there exists a proper 

i=l 

3-coloring (3 of a bipartite graph G with A(G) = 3 and = \Wi\ for i = 1,2,3. This 
implies that the colors 1, 2, 3 appear on the edges incident to each vertex v G V(G) with 
dciy) = 3. If the color 3 appears on the edges incident to some vertices v G V(G) with 
dc{ v ) — 2 or the colors 2 or 3 appear on the pendant edges incident to some vertices 

3 

v G V(G) with dciv) = 1, then it is easy to see that E'(G,/3) > ■ \V>i\. Hence, (3 is 

i=l 

a V A (G)-sequential 3-coloring of G. □ 

In [ 19J, it was proved that the problem of finding the edge-chromatic sum of bipartite 
graphs G with A(G) = 3 remains iVP-hard even for planar bipartite graphs. 

5. Edge-chromatic sums of split graphs 

In this section we consider the problem of finding the edge-chromatic sum of split 
graphs. A split graph is a graph whose vertices can be partitioned into a clique C and 
an independent set /. Let G = (C U /, E) be a split graph, where C = {u\, v-2, ■ ■ ■ , u n } 
is clique and I = {vi, V2, ■ ■ ■ , v m } is independent set. Define a number Aj as follows: 
Aj = meoci<j< m do(vj). Define subgraphs H and H' of a graph G as follows: 

H = (CUI,E(G)\E(G[C])) and H' = G[C]. 
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Clearly, if is a bipartite graph with a bipartition (C, I), and dniui) = d G (ui) — n + 1 for 
i = 1, 2, . . . , n, d H (vj) = d G {vj) for j = 1, 2, . . . , m. 

Theorem 15 Let G = (CUf , E) be a split graph, where C = {ui,u 2 , ■ ■ ■ , u n } is clique and 
I = {v i, i>2> • • • > v m } is independent set. If d G {ui) — d G {yj) > n — 1 for every u(Oj G E(G), 
then: 

(1) if n is even, then 



wiin J {dg(ui)-n+l)(dG{ui)-n+2) . (2A(GQ-7i+2)n(n-l) v / / jv- \ . (rfG("i)-"+l)(^o("»)+^) 1 

mm |Z^i=l 2 1 4 ' ^ + 2^1=1 2 ]> 

(2) i/ n is odd, then 

E'(G) < 



m |Z] n ( dG ("^~ n+1 )( dG ( M ')~ n+2 ) -f (2A(GQ-n+3)n(n-l) y! ) + ^™ {d G (u i )-n+l){d G (u l )+n+2) \ 



mm 

Proof. For the proof, we are going to construct edge-colorings that satisfies the specified 
conditions. 

Since dc{ui) — d G {vj) > n — 1 for every UiVj G E(G), we have dniui) > dn(vj) for each 
UiVj G E(H). By Theorem [91 there exists a C-sequential A(if )-coloring a of the graph 
if and, by Corollary [TOj, we obtain 

E'(ff ) = ^\ H , a) = EILi dg( "' )(d 2 g( "' )+1) - 

Now we consider two cases. 
Case 1: n is even. 

In this case, by Theorem [31 we have x'(H') = n — 1. Let j3 be a proper edge-coloring of 
a graph if' with colors A(G) — n+2, . . . , A(G). Clearly, for each vertex Ui, i = 1, 2, . . . , n, 
the set of colors appearing on edges incident to Ui in ff' is [A(G) —n + 2, A(G)]. Thus, 
we obtain 

E'(G) < E'(ff) + ( 2A ( G )~ n+2 ) n ( n ~ 1 ) 

On the other hand, let /?' be a proper edge-coloring of a graph if' with colors 1,2,..., n— 
1. Clearly, for each vertex u iy i = 1, 2, . . . , n, the set of colors appearing on edges incident 
to Ui in if' is [1, n—1}. Next, we define an edge-coloring 7 of the graph if as follows: for 
every e G E(H), let 7(e) = a(e) + n — 1. Thus, we obtain 

E'(G) < £'(lf n ) + X] n x ( d G("')-" +1 )( d G("')+") 

Case 2: n is odd. 

In this case, by Theorem [3j we have x'{H') = n. Let /3 be a proper edge-coloring 
of a graph if' with colors A(G) —n + 2, ... , A(G) + 1. Without loss of generality, we 
may assume that for each vertex m, i = 1,2, ... ,n, the set of colors appearing on edges 
incident to u { in ff ' is [A(G) - n + 2, A(G) + 1)\ {A(G) - n + l + i}. Thus, we obtain 
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S'(G') < S'(if) + ( 2A ( G )~"+ 3 )"("~ 1 ) 

On the other hand, let /3' be a proper edge-coloring of a graph H' with colors 1,2, ... ,n. 
Without loss of generality, we may assume that for each vertex Ui, i = 1,2, ... ,n, the 
set of colors appearing on edges incident to in H' is [l,n] \ {i}. Next, we define an 
edge-coloring 7 of the graph H as follows: for every e G E(H), let 7(e) = a(e) + n. Thus, 
we obtain 

X'(Gr) < H'(K ) + — ( n » )~ n+1 ) («i)+n+2) 

□ 

Theorem 16 Let G = (CUl, E) be a split graph, where C = {u\, m 2 , . . . , u n } is clique and 
I = {vx, t> 2 , . . . , v m } is independent set. If dc(ui) — dc(vj) < n — 1 for every UiVj G E{G), 
then: 

(1) if n is even, then 

S'(G) < 

m j n d a( v j)( d G( v j)+ 1 ) _|_ (2A 7 +ra)n(ra-l) ) _)_ ^ m rf Gfa)( d Gfe)+2n-l) ) , 

(2) if n is odd, then 

E'(G) < 

m j n d Gfa)(^Gfa) + l) _|_ (2A/+n+l)n(n-l) YJ/^ ) _|_ ^ m d G (uj)(d G (u,-)+2n+l) \ 

Proof. For the proof, we are going to construct edge-colorings that satisfies the specified 
conditions. 

Since dc{ui) — dc(vj) < n — 1 for every u^j G E(G), we have dniui) < d H {vj) for each 
u^j G E(H). By Theorem [9], there exists an /-sequential A/-coloring a of the graph H 
and, by Corollary [TU1 we obtain 

Now we consider two cases. 
Case 1: 71 is even. 

In this case, by Theorem [31 we have x'{H') = n — 1. Let f3 be a proper edge-coloring of 
a graph H' with colors Aj + 1, . . . , Aj + n — 1. Clearly, for each vertex i — 1,2, ... ,n, 
the set of colors appearing on edges incident to Ui in H' is [Aj + 1, Aj + n — 1]. Thus, we 
obtain 

E'(G) < E'(if) + (2A/+n 4 )w(w ~ 1) . 

On the other hand, let /3' be a proper edge-coloring of a graph H' with colors 1,2,..., n— 
1. Clearly, for each vertex Ui, i — 1,2, ... ,n, the set of colors appearing on edges incident 
to Ui in H' is [1, n — 1]. Next, we define an edge-coloring 7 of the graph H as follows: for 
every e G E(H), let 7(e) = a(e) + n — 1. Thus, we obtain 
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Case 2: n is odd. 

In this case, by Theorem [31 we have x'{H') = n. Let be a proper edge-coloring of a 
graph H' with colors Aj + 1, . . . , Aj + n. Without loss of generality, we may assume that 
for each vertex m, i = 1,2, ... ,n, the set of colors appearing on edges incident to Ui in 
H' is [A/ + 1, A z + n] \ {A/ + i}. Thus, we obtain 



E'(G) < E'(-ff) + 



(2Aj+n+l)n(n-l) 



On the other hand, let be a proper edge-coloring of a graph if' with colors 1,2, ... ,n. 
Without loss of generality, we may assume that for each vertex u^, i = 1,2, ... ,n, the 
set of colors appearing on edges incident to Ui in H' is [l,n] \ {i}. Next, we define an 
edge-coloring 7 of the graph H as follows: for every e e E{H), let 7(e) = a(e) + n. Thus, 
we obtain 



E'(G) < V(K n ) + £7=i 

□ 



d G (v j )(d G (v j )+2n+l) 
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